Abstract. New error bounds are obtained for the method of good lattice points for multidimensional quadrature, when m , the number of quadrature points, is prime. One of these bounds reduces the constant in Niederreiter's asymptotic error bound, if the dimension exceeds 2. Together they give very much smaller numerical bounds for all values of m .
Introduction
The method of good lattice points, developed by Korobov [4] and Hlawka [3] , is a well-studied method for the approximate evaluation of integrals over the s-dimensional unit cube Is = [0, if , under the assumption that the integrand is 1-periodic in each variable. The method is reviewed by Niederreiter [7, 9] .
If / is such an integrand defined on Rs, then the approximation is c i m~* / ■ \ ti.» /,*w*"-=-g'(i»)"
where m > 2 is a (large) positive integer, and g e Is is an appropriate sdimensional integer vector, or "lattice point". In the present work, as in the work of Korobov and Hlawka, m is taken to be prime. If f has the absolutely convergent Fourier series expansion (1.2) /w-E.v2"*". In the method of good lattice points, for fixed m and a one chooses a lattice point g which makes Pa(g, m) as small as possible. (Alternative selection criteria are discussed by Lyness [5] .) A result of Niederreiter (obtained by combining (4.6) of [7] with Theorem 2 of [8] ) is that for m prime (or a prime power) there exists a lattice point g such that (1.6) Pa(8,m)<(l + 2C(a))j(2'°e'" + 0n-81),° + 1 =0(flg^O .
For m prime, Bakhvalov [ 1 ] has even shown that a bound of order 0((logmf~i)a/ma) is achievable, but he does not give the constants.
In the present work we give new upper bounds on PJg, m) for good choices of g. One of these (see Theorem 5) is of the same asymptotic order as (1.6), but has a smaller constant factor in front, except possibly for s = 2.
The main results are stated in the next section, and proved in §3. Some of the results depend on making an appropriate choice of a certain parameter ß . Motivations for our particular choices are given in §4. Finally, in §5 we calculate numerical values for the various bounds, and compare them with known "good" values of Pn(g, rn).
The main results
Our first result makes use of the mean of ^ (g, m),
where G is the set of all lattice points g= (g{, g2, ... , g ) satisfying -m/2 < gj < m/2 and g} ¿ 0 for j = 1, ... , s .
This is proved in §3, using techniques adapted from Niederreiter [8] . Since Mn(m) is the mean of PJg, m) over g, it is obvious that there exists a point g for which ^ (g, m) is less than or equal to the mean.
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In principle, the best choice of ß in Theorem 4 is that which, for given m and a, minimizes (MJm)) ' . In §4 we provide some motivation for two nonoptimal choices, , all that has to be proved is the explicit expression for Ma(m). In this proof, summations over h and h will be over if and Z, unless specifically restricted. The notation J2* stands for summation excluding zero.
We have We also require (i^+o(.,) 5 . Numerical estimates
In Tables 1, 2 , and 3 we show numerical values of theoretical bounds for the case a = 2 and dimensions s = 3, 6, and 10. The bounds are calculated from Theorem 1, from Theorem 4 with ß = ß2(m) (see (2.9)), and from Niederreiter's bound (1.6). Additionally, to give some perspective on what might be achievable, we show some known "good" values of P2(g, m) for comparable values of m . These are taken from the tables of Maisonneuve [6] .
The tables show, perhaps surprisingly, that the bound given by Corollary 2 is a quite effective bound for all practical values of m, notwithstanding its inferior asymptotic behavior. The bound given by Theorem 4 with ß = ß2(m), though asymptotically better, produces a smaller bound only for values of m exceeding about 10i+ , and even then makes only a modest improvement.
The bound given by ( 1.6) exceeds both of the other bounds by many orders of magnitude, especially when s is large, and is therefore less useful as a numerical estimate. Table 1 Bounds on P2 for s = 3 Table 2 Bounds on P2 for s Table 3 Bounds on P2 for s = 10 
